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We study almost universal spacetimes – spacetimes for which the field equations of any generalized
gravity with the Lagrangian constructed from the metric, the Riemann tensor and its covariant
derivatives of arbitrary order reduce to one single differential equation and one algebraic condition
for the Ricci scalar. We prove that all d-dimensional Kundt spacetimes of Weyl type III and
traceless Ricci type N are almost universal. Explicit examples of Weyl type II almost universal
Kundt metrics are also given. The considerable simplification of the field equations of higher-order
gravity theories for almost universal spacetimes is then employed to study new Weyl type II, III,
and N vacuum solutions to quadratic gravity in arbitrary dimension and six-dimensional conformal
gravity. Necessary conditions for almost universal metrics are also studied.
I. INTRODUCTION
In effective field theories, the Einstein equations are modified by adding further terms to the Einstein–Hilbert
action, leading to the Lagrangian of the form
L = G−1(R− 2Λ) + f(g,R,∇R, . . . ) . (1)
The resulting field equations are, in most cases, considerably more complicated than the Einstein equations, and
therefore very few exact solutions to modified gravities are known. Nevertheless, there exists a class of spacetimes,
the so-called universal spacetimes [1–3], for which all but one vacuum field equations of any theory of the form (1)
are identically satisfied. The remaining field equation reduces to an algebraic constraint Λ = F (Ii, αi) relating a
cosmological constant Λ with constant curvature invariants Ii and constant parameters αi of the theory. Thus, with
an appropriate choice of Λ, universal spacetimes are exact vacuum solutions to any theory of the form (1).
Recently, it has been shown that for certain non-Einstein (and thus non-universal) spacetimes, field equations of
any theory of the form (1) are also dramatically simplified. This has been observed in the case of AdS waves and
pp-waves [4, 5] and for Kerr-Schild-Kundt metrics with an (A)dS background [6]. A closely related result in string
theory, showing that gravitational waves in AdS do not receive any α′ corrections, has been obtained in [7]. All these
spacetimes are of Weyl type N in the algebraic classification of tensors [8] (see also [9] for a recent review).
In this paper, we set out to investigate these “almost universal” spacetimes in a much more general context. By
studying necessary and sufficient conditions for “almost universality”, we arrive at examples of Weyl type II, III, and
N almost universal spacetimes. To make a connection with the Kerr-Schild approach of [6], we also study almost
universal Kerr-Schild spacetimes; however, instead of (A)dS, we are able to use any type II, III, and N universal Kundt
spacetime as a background metric. These results are also employed to construct new vacuum solutions to quadratic
and cubic theories of gravity.
Let us proceed by introducing two classes of almost universal spacetimes, TN and TNS spacetimes (TNS ⊂ TN).
Definition 1 (Almost universal spacetimes). Almost universal spacetimes (or equivalently TN spacetimes1) are space-
times, for which there exists a null vector ℓ such that for every symmetric rank-2 tensor Eab constructed polynomially
from a metric, the Riemann tensor and its covariant derivatives of an arbitrary order there exist a constant λ and a
function φ such that
Eab = λgab + φℓaℓb . (2)
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1 TN(traceless type N) - all rank-2 tensors constructed from the Riemann tensor and its covariant derivatives of an arbitrary order are of
traceless type N (i.e., of the form (2)).
2A TN spacetime is called TNS if in addition the last term in (2) reduces to
φℓaℓb =
N∑
n=0
an2
nSab , (3)
where Sab is the traceless Ricci tensor and ai are constants.
Note that for TN spacetimes, tracelessness of Sab guarantees 2
nSab ∝ ℓaℓb and for TNS spacetimes, there are no
terms involving the Weyl tensor present in (3), cf. (C9).
It follows directly from the definition of TN spacetimes that all but two vacuum field equations of any theory of
the form (1) hold identically. Furthermore, one of these two equations, the equation corresponding to the λ term in
(2), reduces, similarly as in the case of universal spacetimes, to an algebraic equation Λ = F (Ii, αi) (see, e.g., eqs.
(40) and (49)). Thus, the vacuum field equations lead only to one differential equation corresponding to the φ term
in (2). Obviously, if the null radiation term is allowed, this equation can be omitted.
Let us now briefly summarize selected results of this paper.
The main result of section III that focuses on necessary conditions for TN spacetimes reads
Proposition 2 (Necessary conditions for non-Einstein TN spacetimes). Non-Einstein TN spacetimes are necessarily
CSI Kundt spacetimes of Weyl type II or more special.
This proposition holds in an arbitrary dimension. In the case of four dimensions, we arrive at a more general result
including also Einstein TN spacetimes.
In section IV, we focus on sufficient conditions for TN and TNS spacetimes, proving the following main results
Proposition 3 (Sufficient conditions for TN spacetimes). All d-dimensional Kundt spacetimes of Weyl type III or N
and traceless Ricci type N2 are TN.
We also show that certain classes of Weyl type II Kundt spacetimes are TN.
To study sufficient conditions for TNS spacetimes, we first generalize previous results of [2, 10] for type III universal
spacetimes
Proposition 4 (Necessary and sufficient conditions for Weyl type III universal Kundt spacetimes). A Weyl type III
Kundt spacetime is universal if and only if it is Einstein and
F0 ≡ CacdeCbcde = 0, F2 ≡ Cpqrs ;aCpqrs;b = 0. (4)
For type III TNS spacetimes we then obtain
Proposition 5 (Sufficient conditions for Weyl type III TNS spacetimes). Kundt spacetimes of Weyl type III and
traceless Ricci type N obeying F0 = 0 = F2 are TNS.
Furthermore, in section IV we also study the Kerr–Schild transformation of universal Kundt background spacetimes
and show that under appropriate additional conditions, the resulting spacetime is TN.
Section V illustrates how vacuum field equations simplify for TN spacetimes of Weyl types II, III, and N for specific
higher-order gravities, such as quadratic and six-dimensional conformal gravities.
In the Appendix A, we extend some of the results obtained in sections III and IV for TN spacetimes to a more
general class of T-III spacetimes for which also most of the vacuum field equations of any theory of the form (1) are
identically satisfied. Thus this class of spacetimes may be also useful for constructing vacuum solutions of generalized
gravities. Appendix B contains technical results on the Kerr–Schild transformation of the Einstein Kundt spacetimes
employed in section IVD. In Appendix C, we present the metric variations of all independent curvature invariants
in the Fulling–King–Wybourne–Cummins (FKWC) basis [11] up to order 6 for TN spacetimes of Weyl type III to
provide examples of possible field equations for these spacetimes. Finally, in Appendix D, we extend section V by
providing explicit Weyl type III solutions to quadratic gravity constructed by the Kerr–Schild transformation of Weyl
type III universal spacetimes.
2 Throughout this paper, by traceless Ricci type N we mean a Ricci tensor of the form (2).
3II. PRELIMINARIES
In this paper, we employ the algebraic classification of tensors [8] (see [9] for review) and the higher-dimensional
version of the Geroch–Held–Penrose (GHP) formalism [12].
We work in a null frame in d dimensions consisting of null vectors ℓ and n and d− 2 spacelike vectorsm(i) obeying
ℓaℓa = n
ana = 0, ℓ
ana = 1, m
(i)am(j)a = δij , (5)
where a, b ∈ {0, . . . , d− 1} and i, j ∈ {2, . . . , d− 1}. Covariant derivatives along the frame vectors are denoted as
D ≡ ℓa∇a, △ ≡ na∇a, δi ≡ m(i)a∇a. (6)
For the frame vector ℓ, we define Ricci rotation coefficients
κi = ℓa;bm
a
(i)ℓ
b, (7)
τi = ℓa;bm
a
(i)n
b, (8)
ρij = ℓa;bm
a
(i)m
b
(j), (9)
where ρij is the so called optical matrix. The vector ℓ is geodetic iff κi = 0. Kundt spacetimes are defined as
spacetimes for which there exists a geodetic null vector with vanishing optical matrix ρij .
A quantity q has a boost weight (b.w.) b if it transforms according to
qˆ = λbq (10)
under boosts
ℓˆ = λℓ, nˆ = λ−1n, mˆ(i) =m(i). (11)
Components of tensors in the null frame have distinct integer b.ws. Boost order of a tensor is the maximum b.w.
of its non-vanishing components. In an adapted null frame for algebraically special tensors, the highest b.w. tensor
components vanish. In particular, the traceless Ricci tensor Sab in general admits components of b.w. −2,. . . , 2 while
for Sab of type N, only the b.w. −2 component ω′ is non-trivial
Sab = ω
′ℓaℓb. (12)
Similarly, in general the Weyl tensor admits components of b.w. −2,. . . , 2 while for a Weyl type II tensor, only
components of b.w. 0 (Φ, ΦAij , Φij , Φijkl), −1 (Ψ′i, Ψ′ijk) and −2 (Ω′ij) can be non-vanishing. For Weyl type III/N,
components of b.w. (−1, −2)/(−2) can be non-vanishing, respectively (see [9]).
Let us go back to the traceless Ricci tensor Sab of type N. While (in the adapted frame) Sab admits only the b.w. −2
component, in general its covariant derivatives possess also non-trivial components of b.w. > −2. However, for certain
Kundt spacetimes, it can be shown that b.w. > −2 components vanish also for arbitrary covariant derivatives of Sab,
∇(I)S, i.e., boost order does not change with a covariant differentiation. Similarly, in these spacetimes, covariant
derivatives of the Weyl tensor do not increase boost order. This is the key step for proving universality or the TN
property. If one knows that e.g. ∇(I)C admits only b.w. ≤ −2 components then it immediately follows that all rank-2
tensors quadratic in ∇(I)C or of higher order vanish identically (rank-2 tensors admit components of b.w. ≥ −2 only).
This subsequently leads to a considerable simplification of the analysis of non-trivial rank-2 tensors constructed from
the curvature.
For proving that boost order of a tensor in certain Kundt spacetimes does not increase with a covariant differentiation
(see section IV), we need to define the notion of balanced tensors introduced in [13] and [2].
Definition 6 (k-balanced tensors). In a frame parallelly propagated along a null geodetic affinely parameterized vector
field ℓ, a tensor T is said to be k-balanced, k ∈ N0, if its boost weight b part3 T(b) satisfies T(b) = 0 for b ≥ −k and
D−b−kT(b) = 0 for b < −k. If T is 0-balanced, we say it is balanced.
A straightforward extension of Lemma A.7 of [14] to arbitrary k then reads
Lemma 1. In a degenerate Kundt spacetime, a covariant derivative of a k-balanced tensor is again a k-balanced
tensor.
3 i.e., T(b) is obtained by setting all components of T with b.w. not equal to b to zero.
4III. NECESSARY CONDITIONS FOR ALMOST UNIVERSAL SPACETIMES
In this brief section on necessary conditions for TN spacetimes, we give a proof of proposition 2 for non-Einstein
spacetimes and discuss possible extensions to Einstein spacetimes in various special cases.
First, let us prove the following:
Lemma 2. TN spacetimes are CSI.
Proof. Let us assume that a spacetime possesses a non-constant curvature invariant I constructed polynomially from
the Riemann tensor and its covariant derivatives of arbitrary order. I can be expressed as a trace of a rank-2 tensor
Eab. Since the trace of Eab is non-constant then E(ab) is not of the form (2) or more special and the spacetime is not
TN. Thus TN⊂CSI.
Now let us present a proof of proposition 2.
Proof of proposition 2: TN spacetimes are CSI thanks to lemma 2.
Geodeticity of ℓ: The contracted Bianchi identities Rab;b = 0 for the Ricci tensor of the form (2) imply ℓ
a
;bℓ
b ∝ ℓa
and thus ℓ is geodetic (i.e., κi = 0 (7)).
ℓ is a Kundt vector field: For the traceless part of the Ricci tensor, Sab, of type N (i.e., of the form (12)), the b.w.
0 component of 2Sab reads
(2Sab)ℓ
anb = −ω′ρijρij , (13)
where ρij is the optical matrix (9). Tensor 2Sab is traceless and thus for TN spacetimes, all its b.w. 0 components
have to vanish, which implies
ρij = 0 (14)
and therefore ℓ is a Kundt null congruence.
TN spacetimes are of Weyl type II or more special: Now, taking into account the vanishing of κi and ρij , the higher
dimensional Newman–Penrose (NP) equations (NP1) and (NP3) of [12] imply that the Weyl tensor components Ωij
and Ψijk vanish and thus the Weyl tensor is of type II or more special.
Note that, from the proof of proposition 2, it follows that already TN2 spacetimes
4 are necessarily Kundt and
algebraically special.
Remark 1 (Necessary conditions for Einstein Weyl type N and III TN spacetimes). So far, we have discussed non-
Einstein TN spacetimes. It has been shown in lemma 4.8 of [2] that Weyl type N CSI Einstein spacetimes are Kundt.
Thus taking into account lemma 2, it follows that Einstein TN spacetimes of Weyl type N are necessarily CSI Kundt
spacetimes. The same results hold also for Einstein TN spacetimes of Weyl type III under some additional genericity
assumptions (see section 5.2 of [2]).
A. Necessary conditions in four and five dimensions
In four dimensions, more general results can be obtained.
First, let us study necessary conditions for algebraically special TN spacetimes. In the four dimensional NP notation
and in an appropriately chosen frame, the Weyl and Ricci tensors admit Ψ2, Ψ3, Ψ4 and Φ22 components, respectively.
For TN0, Ψ2 is constant. The Bianchi equations (7.32a), (7.32b), (7.32e) and (7.32h) from [15] then give
κ = σ = ρ = τ = 0 , (15)
respectively, and thus
Lemma 3. In four dimensions, genuine Weyl type II and D TN0 spacetimes are recurrent Kundt spacetimes.
Combining the results of proposition 2, remark 1 (in four dimensions, the genericity assumptions for type III always
hold) and lemma 3, we arrive at a result that applies to both Einstein and non-Einstein spacetimes
4 TNk spacetimes are defined similarly as TN spacetimes, however, only derivatives of the Riemann tensor up to k
th order are considered.
5Proposition 7 (Necessary conditions for TN spacetimes in 4d). In four dimensions, algebraically special TN space-
times are necessarily Kundt.
In contrast, in five dimensions, it can be shown using the same arguments as for the non-existence of genuine type
II or D universal spacetimes in five dimensions (see section 4 of [3]) that
Proposition 8 (Non-existence of 5d TN Weyl type II spacetimes). In five dimensions, genuine Weyl type II and D
TN0 spacetimes do not exist.
IV. SUFFICIENT CONDITIONS FOR ALMOST UNIVERSAL SPACETIMES
In this section, we prove that various classes of Weyl types II, III, and N Kundt spacetimes are TN and in some
cases even TNS. We also show that TN and TNS spacetimes can be constructed using an appropriate Kerr-Schild
transformation with a Weyl type II, III, or N universal Kundt background.
A. Sufficiency for Weyl type III/N TN spacetimes
First, let us prove that Kundt spacetimes of Weyl type III or N and traceless Ricci type N are TN (proposition 3).
We use a similar approach as in the proof of Theorem 1.3 of [2].
Proof of proposition 3: Note that by proposition 3.1 of [16], for Kundt spacetimes of Weyl type III/N and traceless
Ricci type N, the Ricci and Weyl tensors are necessarily aligned.
By proposition A.8 of [14], for Kundt spacetimes of Weyl type III/N and traceless Ricci type N, all covariant
derivatives of the Riemann tensor ∇(k)R are of aligned type III (i.e., all non-vanishing components of ∇(k)R have
negative boost weight). It immediately follows that all rank-2 tensors at least quadratic in ∇(k)R (with k ≥ 0) are of
the form (2). Thus, it remains to show that the same result holds also for rank-2 tensors linear in ∇(k)R.
For the Weyl and Ricci type N Kundt spacetimes, it has been shown that ∇(k)R (k > 0) are of boost order at most
−2 (see Proposition A.2 of [17]) and thus all rank-2 tensors linear in ∇(k)R are of the form (2).
Weyl type III case needs a more detailed discussion. Note that Sab of the form (12) is 1-balanced which follows
from the primed version of eq. (2.50) of [18] (see also sec. 2.7 therein),
þω′ = Dω′ = 0, (16)
and therefore from lemma A.7 of [14] (cf. also lemma 1), ∇(k)Sab is 1-balanced as well. Thus, boost order of ∇(k)Sab
is at most −2.
In order for the contraction of ∇(k)R to result in a rank-2 tensor, k has to be even. We will show that all rank-2
tensors linear in ∇(k)R are of the form (2) using mathematical induction.
First, consider the k = 2 case. A change of the order of covariant derivatives in ∇(2)R,
[∇,∇]R =
∑
σ
R ∗R, (17)
will result only in additional terms of b.w. −2 in contractions of RHS of (17) due to the tracelessness of LHS of (17).
Employing the Bianchi identity (Rab[cd;e] = 0) and changing the order of covariant derivatives if needed, any rank-2
tensor linear in ∇(2)R is either zero or of type N.
Concerning k > 2, we proceed by induction. Assume that any change of the order of covariant derivatives in rank-2
tensors linear in ∇(n)R produces only additional terms of b.w. −2 and that any rank-2 contraction of ∇(n)R is of
type N. Now, we prove that the same holds also for ∇(n+2)R.
To prove the first property, it is sufficient to prove that any rank-2 contraction of Q ≡ (∇J [∇,∇]∇IR) is of boost
order −2. Here, I, J is a pair of arbitrary multi-indices satisfying |I|+ |J | = n. Applying the Ricci identity on ∇IR
and employing the Leibniz rule, one obtains
∇J [∇,∇]∇IR =
∑
σ
∇J (R ∗ ∇IR) =
∑
σ
∑
K⊂J
( |J |
|K|
)
∇KR ∗ ∇J\K∇IR. (18)
Note that all terms with |K| > 0 and |I|2 + |J \K|2 > 0 are of boost order at most (−2), while the |K| = 0 terms
and |I|2 + |J \K|2 = 0 terms correspond to R ∗ ∇(n)R. Our induction assumption implies that rank-2 contractions
of all these terms lead to a type N tensor and hence a rank-2 tensor linear in ∇(n+2)R is of type N. Using this result
together with the Bianchi identity and noting again that Sab is 1-balanced, the second property of ∇(n+2)R follows.
Therefore, both properties hold for all ∇(k)R, k even. As a consequence, the terms linear in ∇(k)R contribute with
b.w. −2 terms.
6B. Sufficiency for Weyl type III/N TNS spacetimes
In the previous section, we have shown that Kundt spacetimes of Weyl type III or N and traceless Ricci type N
are TN. Now, we prove that some of these spacetimes are also TNS. While for Weyl type N, TN ⇔ TNS (cf. [4]), for
Weyl type III TN spacetimes, the Weyl tensor and its derivatives in general contribute to b.w. −2 components of a
rank-2 tensor Eab (see appendix C). It turns out (cf., proposition 5) that Weyl type N and III TNS spacetimes can be
obtained from universal spacetimes by relaxing the Einstein condition and allowing for type N traceless Ricci tensor.
For this reason, we generalize sufficient conditions for Weyl type III universal spacetimes (proposition 4). It can
be seen that the proof of universality of four-dimensional type III Einstein spacetimes with vanishing F2 given in
section 5.2 of [10] can be straightforwardly generalized to arbitrary dimension, provided also F0 = 0 (which is in
four dimensions automatically satisfied) and thus Weyl type III Einstein Kundt spacetimes obeying F0 = 0 = F2 are
universal (proposition 4). This generalizes the sufficient part of the Proposition 1.7 of [10] to arbitrary dimension and
theorem 1.4 of [2] from the recurrent case (τi = 0) to a more general case F2 = 0. Indeed, it can bee seen from an
expression for F2 for Weyl type III Kundt spacetimes,
F2 = −4
{
τiτi(2Ψ
′
jΨ
′
j −Ψ′jklΨ′jkl)− 2τiτj
[
2Ψ′kilΨ
′
ljk −Ψ′iklΨ′jkl + 4
(
Ψ′kΨ
′
ijk +Ψ
′
iΨ
′
j
)]}
ℓaℓb , (19)
that τi = 0 implies F2 = 0, while F2 = 0 allows for non-vanishing τi (cf. [10]). Examples of Weyl type III universal
spacetimes with τi 6= 0 can be constructed using a warp product
ds¯2 = 1−λz2 (ds˜
2 + dz2), λ < 0, (20)
where ds˜2 is a Ricci flat Weyl type III universal Kundt spacetime. Since the Weyl type [19] and the Kundt property
(see eq. (B3) of [19]) are preserved under (20) and F˜0 = 0 = F˜2 implies F¯0 = 0 = F¯2 (see eq. (23) of [19]), the
resulting spacetime is again a Weyl type III Einstein universal Kundt spacetime with R¯ = d(d− 1)λ:
Proposition 9. A warp product (20), where ds˜2 is a Ricci flat Weyl type III universal Kundt spacetime is a Weyl
type III universal Kundt spacetime.
In general, the resulting spacetime has a non-vanishing τi, i.e. it is not recurrent (c.f. also appendix D2).
Let us proceed with proving that Weyl type III traceless Ricci type N Kundt spacetimes obeying F0 = 0 = F2 are
TNS (proposition 5).
Proof of proposition 5: By proposition A.8 of [14], all tensors ∇(k)R are of aligned type III. Furthermore, since Sab is
1-balanced (cf. proof of proposition 3) all derivatives of the Ricci tensor are of boost order ≤ −2. By counting boost
weights, one can see that all mixed invariants (i.e., invariants constructed from both ∇(k)S and ∇(l)C, k, l ≥ 0) vanish
and thus it is sufficient to consider rank-2 tensors Eab constructed purely from the Weyl tensor and its derivatives (at
most quadratic in ∇(l)C) and purely from the Ricci tensor and its derivatives (linear in ∇(k)S).
First, let us prove by the mathematical induction that all rank-2 tensors constructed from the Ricci tensor and its
derivatives have the form (2), (3) (cf. [4]).
Obviously, the Ricci tensor of traceless type N has the form (2), (3). All rank-2 tensors constructed from the second
derivatives of the Ricci tensor (2Rab, R
c
a;cb, R
c
a;bc, R
e
e;ab) either vanish or can be cast into the form (2), (3) using
commutator
[∇c,∇d]Pe1e2...ek = −
k∑
i=1
Rf eicdPe1...ei−1fei+1...ek (21)
and the contracted Bianchi identity ∇cRca = 12R;a = 0.
Now, assuming that all rank-2 tensors constructed from the kth derivative of the Ricci tensor have the form (2),
(3), we show that this also holds for all rank-2 tensors constructed from the (k + 2)th derivative of the Ricci tensor.
Rank-2 tensors constructed from the (k + 2)th derivative of the Ricci tensor can have free indices in three positions
1. R••;... (22)
2. R•.;···•... (23)
3. R..;···•···•... (24)
where free indices are indicated by •. In the case 1., one can use commutator (21) to reshuffle covariant derivatives
and arrive at the form (2), (3). The remaining part arising from the right hand side of commutator (21) contains
only kth derivatives of the Ricci tensor and thus have the form (2), (3) by our assumption. In the cases 2., 3., we
can again reshuffle indices to obtain (k + 1)th derivative of the contracted Bianchi identity, i.e. Rc .;c... = 0, with the
7remaining part arising from the right hand side of commutator (21) containing again only kth derivatives of the Ricci
tensor and thus having the form (2), (3) by our assumption.
Now, let us proceed with terms constructed from the Weyl tensor and its derivatives. In [10], it has been shown
that for four-dimensional Weyl type III, Einstein Kundt spacetimes obeying F2 = 0, all rank-2 tensors of the form
∇(k)C⊗∇(l)C vanish. This proof can be straightforwardly generalized to the case of higher dimensions by adding an
additional assumption F0 = 0 which holds identically in four dimensions. Moreover, it is not affected by the presence
of b.w. −2 terms in the Ricci tensor, thus it can be also straightforwardly generalized to the traceless Ricci type N
case and therefore terms ∇(l)C ⊗ ∇(m)C will not contribute to rank-2 tensors (cf., proposition 5.9 of [10]). Hence,
only terms linear in ∇(k)C can contribute to a rank-2 tensor. Employing the Bianchi
∇bCabcd = d− 3
d− 2(∇dSac −∇cSad) (25)
and Ricci identities, one arrives at
∇d∇bCabcd = d− 3
d− 22Sac −
(d− 3)
(d− 2)(d− 1)RSac, (26)
being of the TNS form (2), (3).
Using the mathematical induction, one can show that all rank-2 tensors linear in the Weyl tensor have the TNS
form (2), (3). We assume that all rank-2 tensors constructed from kth derivative of the Weyl tensor have the form
(2), (3). Then using commutator (21), all rank-2 tensors constructed from (k + 2)th derivative of the Weyl tensor
can be cast into the form Cc ...;c..., which using (25) and results from the previous paragraph have the desired form,
and additional terms containing kth derivative of the Weyl tensor that have the TNS form (2), (3) by our starting
assumption.
C. Sufficiency for certain Weyl type II TN spacetimes
Proposition 3 addressing sufficient conditions for Weyl type III and N TN spacetimes does not include all TN
spacetimes – as we will show in this section Weyl type II TN spacetimes also exist.
First, let us observe that one can construct Weyl type II TN spacetimes from Weyl type III and N TN spacetimes
by taking a direct product with maximally symmetric spaces. A simple generalization of proof of proposition 6.2 of
[3] leads to a generalization of this proposition to TN spacetimes
Proposition 10. Let M =M0×M1×· · ·×MN−1, where M0 is a Lorentzian manifold and M1 . . .MN−1 are non-flat
Riemannian maximally symmetric spaces. Let all blocks Mα, α = 0 . . .N − 1, be of the same dimension and with the
same value of the Ricci scalar Rα. If M0 is a TN Weyl type III or N spacetime then M is a type II TN spacetime.
Now, we proceed with more general type II TN spacetimes.
Remark 2. It is straightforward to generalize Proposition 7.1 of [3] for spacetimes with the Ricci tensor of the form
(2) leading to the following slightly more general result: for type II Kundt spacetimes with the Ricci tensor of the form
(2) admitting a parallelly propagated null frame along an mWAND ℓ, all covariant derivatives of the Riemann tensor
∇(k)R, k ≥ 1, are at most of boost order −2 providing the following three conditions hold:
1. b.w. −1 components of the Weyl tensor vanish,
2. for b.w. −2 components of the Weyl tensor, Ω′ij , DΩ′ij = 0,
3. the boost order of ∇1C is at most −2.
Let us consider higher-dimensional generalizations of the Khlebnikov–Ghanam–Thompson metric [20–22] consisting
of N 2-blocks/3-blocks introduced in [3] in the context of universal spacetimes
ds2 = 2dudv + (λ˜v2 +H(u, xα, yα))du
2 +
1
|λ˜|
N−1∑
α=1
(dx2α + s
2(xα) dy
2
α), (27)
with s(xα) = sin(xα) for λ˜ > 0, s(xα) = sinh(xα) for λ˜ < 0, and
ds2 = 2dudv +H(u, z, xα, yα, zα)du
2 + 2
2v
z
dudz − 2
λ˜z2
dz2 − 2
λ˜
N−1∑
α=1
[
dx2α + sh
2
α (dy
2
α + s
2
αdz
2
α)
]
, (28)
8with λ˜ < 0, sα = sin(yα), and shα = sinh(xα), respectively.
Both these metrics obey all three conditions given in remark 2 and the Ricci tensor is of the form (2) with φ = − 122H
and φ ∝ 2H − 2λ˜zH,z, respectively.
By remark 2, all non-vanishing rank-2 tensors constructed from ∇(k)R, k ≥ 0, containing at least one term with
k ≥ 1 are at most of boost order −2. Rank-2 tensors constructed from ∇(k)R, k = 0, are of the form (2) (see sec. 7.2
of [3]). We can conclude with
Proposition 11. Weyl type II metrics (27) and (28) are TN.
D. Kerr-Schild transformations of universal spacetimes are TN
To make a connection with the Kerr-Schild approach of [6, 7], let us study TN and TNS spacetimes generated
from universal spacetimes by the Kerr-Schild transformation. Results of this subsection in part overlap with those of
subsection IVB. However, they apply also to Weyl type II. For some applications, the Kerr-Schild formulation of the
results may be also more practical.
Let us consider spacetimes
g = gUK + 2Hℓ⊗ ℓ , DH = 0 , (29)
where gUK are universal Kundt spacetimes and ℓ is the Kundt null direction of the background spacetime gUK. Note
that gUK spacetimes are necessarily Einstein, algebraically special and degenerate Kundt. Thus they admit a metric
of the form [23, 24],
ds2 = 2du [dr +H(u, r, x)du+Wα(u, r, x)dx
α] + gαβ(u, x)dx
αdxβ , (30)
where α, β = 2 . . . n− 1 with
Wα(u, r, x) = rW
(1)
α (u, x) +W
(0)
α (u, x), H(u, r, x) = r
2H(2)(u, x) + rH(1)(u, x) +H(0)(u, x). (31)
Kundt null direction is ℓ = du and thus the Kerr-Schild transformation (29) amounts to the transformation
H(0)(u, x)→ H(0)(u, x) +H in (30), (31) and the resulting metric (29) is clearly also Kundt degenerate metric.
From appendix B it follows that the only changes in the curvature of the Kerr-Schild transformed metric (29)
appear in b.w. −2 components of the Weyl and Ricci tensors.
Since b.w. of H is (−2) the Kerr–Schild perturbation 2Hℓ⊗ ℓ in (29) is 1-balanced. Lemma A.7 of [14] then implies
that an arbitrary covariant derivative of 2Hℓ ⊗ ℓ remains 1-balanced. Thus arbitrary terms constructed from the
perturbation and its derivatives entering an arbitrary rank-2 tensor Eab (constructed from the Riemann tensor of the
full metric (29) and its derivatives) influence only b.w. (−2) components of Eab and thus do not violate the form (2).
Therefore, using also the results of appendix B we arrive at
Proposition 12. For background metrics gUK of Weyl types II, III, and N, the Kerr-Schild transformation (29)
preserves the Weyl type and the resulting metric is TN.
For Kerr-Schild spacetimes with a flat or (A)dS background, the Kerr-Schild transformation (29) gives a Weyl type
N spacetime [25, 26]. Thus clearly the Kerr-Schild transformation (29) with universal backgrounds represents a more
general class of spacetimes.
Since for Weyl type III Kundt spacetimes, the curvature polynomials F0 = (
1
2Ψ
′
ijkΨ
′
ijk−Ψ′iΨ′i)ℓaℓb and F2 (19) are
preserved by (29) (see (B6)–(B9) and (B11)), from proposition 5 it follows
Proposition 13. The Kerr-Schild transformation (29) of a Weyl type III universal background metric gUK is a Weyl
type III TNS spacetime.
V. APPLICATIONS IN HIGHER-ORDER GRAVITIES
Since terms 2nSab appear in most higher-order gravity field equations, cf. appendix C, we start with an examination
of their form in TN spacetimes.
9Let us assume a spacetime to be Kundt of aligned Riemann type II with the b.w. 0 part of the Ricci tensor
proportional to the metric and with ℓ being the (affinely parametrized) Kundt vector. Then, in a parallelly propagated
frame with τi = L1i
5, for a function f satisfying Df = 0, one has
2(fℓaℓb) = [(D − 2R0101)f ] ℓaℓb, (32)
where the differential operator D is defined as
D ≡ 2+ 4τiδi + 2τiτi + 2Φ+ 2d− 2
d− 1
R
d
. (33)
Employing the Bianchi and Ricci identities and commutators [28], one can see that for TN spacetimes, the b.w. −2
components of 2nSab are constant along geodesics generated by ℓ for any n ∈ N0. Using (32), one arrives at
2nSab = [(D − 2R0101)nω′] ℓaℓb. (34)
A. Quadratic gravity
Let us apply the obtained results on the case of quadratic gravity. Its Lagrangian reads
LQG = 1κ (R− 2Λ0) + αR2 + βRabRab + γ(RabcdRabcd − 4RabRab +R2), (35)
where the cosmological constant Λ0 and coupling constants κ, α, β, γ of the theory are fixed. The metric variation of
the action corresponding to LQG then yields [29]
Eab =
1
κ
(
Rab − 12Rgab + Λ0gab
)
+ 2αR
(
Rab − 14Rgab
)
+ (2α+ β) (gab2−∇a∇b)R
+ 2γ
(
RRab − 2RacbdRcd +RacdeR cdeb − 2RacR cb − 14gab
(
RcdefRcdef − 4RcdRcd +R2
))
+ β2
(
Rab − 12Rgab
)
+ 2β
(
Racbd − 14gabRcd
)
Rcd. (36)
In this section, two different classes of vacuum solutions within TN spacetimes will be discussed.
1. Weyl type III solutions
For Weyl type III TN metrics satisfying F0 = 0, the tensor Eab of (36) simplifies to (3) with
λ =
Λ0
κ
− d− 2
2κd
R− (d− 4)(αd+ β)
2d2
R2 − (d− 4)(d− 3)(d− 2)
2d2(d− 1) γR
2, (37)
a0 =
1
κ
+ 2R
(
α+ β
d− 2
d(d− 1) + γ
(d− 3)(d− 4)
d(d− 1)
)
, (38)
a1 = β, (39)
and with the rest of the coefficients {ai} being zero. Hence, employing (34), the vacuum field equations Eab = 0 read
(d− 4)(d− 1)(αd+ β) + (d− 3)(d− 2)γ
2d2(d− 1) R
2 +
d− 2
2κd
R =
Λ0
κ
, (40)
{
D + 1
κβ
+ 2R
(
1
d
+
α
β
+
γ
β
(d− 3)(d− 4)
d(d− 1)
)}
ω′ = 0. (41)
In the special case of a TN metric6 obtained by the Kerr-Schild transformation (29) of a universal Kundt metric, ω′ is
given by ω′ = −DH (using (B5) with (B10)), and hence eq. (41) takes the form of a factorized 4th order differential
equation whose solution reads H = H0 +H1, where H0, H1 are solutions to 2nd order equations
DH0 = 0,
{
D + 1
κβ
+ 2R
(
1
d
+
α
β
+
γ
β
(d− 3)(d− 4)
d(d− 1)
)}
H1 = 0, (42)
5 Such a null frame always exists, cf. [27].
6 Such a metric is necessarily TNS by proposition 13.
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respectively. Note that the Kerr-Schild transformation (29) with H = H0 gives again an Einstein spacetime (ω′ = 0)
while for H1 6= 0, it gives a non-Einstein solution to quadratic gravity (i.e., H0 only changes the Einstein background
metric). While a type N subclass of these solutions was obtained already in [30], genuine Weyl type III solutions are
new. Examples of such vacuum solutions to quadratic gravity are given in Appendix D.
2. Weyl type II solutions
For the higher-dimensional generalization (27) of Khlebnikov-Ghanam-Thompson metrics consisting of N 2-blocks,
the tensor (36) reduces to
Eab = λ
(III)gab + a
(III)
0 Sab + a12Sab +
(
2β − 4γ d− 4
d− 2
)
ScdCacbd + 2γCacdeC
cde
b −
1
2
γCcdefC
cdefgab, (43)
with λ(III), a
(III)
0 , a1 denoting the original coefficients (37)–(39). On the first sight, Eab deviates from (3) by con-
tributions from the Weyl tensor. However, due to a convenient structure of the b.w. 0 part of the Weyl tensor, one
has
ScdCacbd = −d− 2
d− 1
R
d
Sab, (44)
CacdeC
cde
b = 2
R2
d2
d− 2
d− 1gab, (45)
so that Eab again reduces to the form (3), but this time with coefficients
λ =
Λ0
κ
− d− 2
2κd
R− (d− 4)(αd+ β + γ(d− 2))
2d2
R2, (46)
a0 =
1
κ
+ 2R
(
α+ γ
d− 4
d
)
, (47)
a1 = β, (48)
and with the rest of coefficients {ai} vanishing. Employing (34) again and noticing that D (33) reduces to 2, the
vacuum field equations of quadratic gravity read
(d− 4)(αd+ β + γ(d− 2))
2d2
R2 +
d− 2
2κd
R =
Λ0
κ
, (49)
(
2+
1
κβ
+ 2R
dα+ β + (d− 4)γ
βd
)
2H = 0. (50)
While the solution R of (49) determines the parameter λ˜ ≡ R/d in the KGT metric, the remaining metric function
H determined by the 4th order equation (50) can be expressed as H = H0 +H1, where H0 and H1 solve 2nd order
equations
2H0 = 0,
(
2+
1
κβ
+ 2R
dα+ β + (d− 4)γ
dβ
)
H1 = 0, (51)
respectively. To our knowledge, the solutions with H1 6= 0 are the first known non-Einstein quadratic gravity vacuum
solutions of Weyl type II in arbitrary even dimension.
B. Conformal gravity in six dimensions
Now, let us study vacuum solutions of conformal gravity in six dimensions given by the Lagrangian [31, 32]
Lconf = β
(
RRabR
ab − 325R3 − 2RabRcdRacbd −Rab2Rab + 310R2R
)
. (52)
The parameters of this theory are tuned in such a way that the field equations, which can be found in the full form in
[32], are satisfied by any metric conformal to an Einstein metric. Let us present vacuum solution of this theory that
are not conformal to Einstein spacetimes.
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1. Weyl type III solutions
For Weyl type III TN Kundt metrics, Eab of the theory Lconf takes the TNS form (3) with non-vanishing coefficients
a0 = − 4β75R2, a1 = 7β15R, a2 = −β, (53)
thus the conformal gravity field equations have the form
(
2− 4R15
) (
2− R5
)
Sab = 0. (54)
For R < 0, we obtain (2+ 8
ℓ2
)(2+ 6
ℓ2
)Sab = 0, ℓ
2 = −d(d− 1)/R, which is in agreement with the result (130) of [5]
obtained for Weyl type N AdS-plane waves (τi = Φ = 0) in six dimensions. In this case, Eab is traceless and there is
no algebraic constraint determining the value of the Ricci scalar. Therefore, the vacuum field equations reduce to
(D − R5 ) (D − 2R15 )ω′ = 0. (55)
Similarly as in the case of quadratic gravity, for TNS metrics obtained by the Kerr-Schild transformation (29) of a
Weyl type III universal Kundt metric, the solution of (55) (again ω′ = −DH) can be found in the factorized form
H = H0 +H1 +H2, where
DH0 = 0,
(D − R5 )H1 = 0, (D − 2R15 )H2 = 0. (56)
H1 and H2 generate non-Einstein solutions to six-dimensional conformal gravity.
2. Weyl type II solutions
Let us consider the higher-dimensional generalization (27) of Khlebnikov-Ghanam-Thompson metrics consisting of
three 2-blocks for which
R e fa c RbdefS
cd =
R
d
RacbdS
cd, R e fa c RbfdeS
cd =
R2
d2
Sab. (57)
Using these relations along with (44), (45) and its covariant derivatives, one can show that the tensor Eab of conformal
gravity (52) reduces to the form (3) with
a0 = −52β
225
R2, a1 = βR, a2 = −β (58)
and with the rest of the coefficients {ai} including λ being zero. Taking into account (34) and that D = 2, vacuum
field equations of conformal gravity for KGT metrics reduce to
(
22 − R
3
2+
2R2
225
)
2H = 0, (59)
with an arbitrary Ricci scalar. The solution of the sixth order equation (59) can be written as a sum H = H0+H1+H2
of solutions of the 2nd order equations
2H0 = 0,
(
2− 5 +
√
17
30
R
)
H1 = 0,
(
2+
5 +
√
17
30
R
)
H2 = 0. (60)
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Appendix A: T-III spacetimes
Here, we consider a slight generalization of TN spacetimes, so called T-III spacetimes, for which every symmetric
rank-2 curvature tensor is of traceless type III:
Definition 14 (T-III spacetimes). T-III spacetimes are spacetimes, for which there exist a null vector ℓ and d − 2
spacelike vectors m(i)a such that for every symmetric rank-2 tensor Eab constructed polynomially from a metric, the
Riemann tensor and its covariant derivatives of an arbitrary order there exist a constant λ and functions φ and ψi
such that
Eab = λgab + ψiℓ(am
(i)
b) + φℓaℓb. (A1)
Thus, for T-III spacetimes, the vacuum field equations of any theory with the Lagrangian of the form (1) reduce
to one algebraic equation and (at most) d − 1 differential equations. Hence, also T-III spacetimes may be useful in
finding solutions to higher-order gravity theories.
It turns out that the necessary conditions for TN spacetimes naturally extend to the T-III class:
Lemma 4. T-III spacetimes are CSI.
Proof. Let us assume that a spacetime possesses a non-constant curvature invariant I constructed polynomially from
the Riemann tensor and its covariant derivatives of arbitrary order. I can be expressed as a trace of a rank-2 tensor
Eab. Since the trace of Eab is non-constant then E(ab) is not of the form (A1) or more special and the spacetime is
not T-III. Thus TN⊂T-III⊂CSI.
Proposition 15 (Necessary conditions for T-III spacetimes). Non-Einstein T-III spacetimes are necessarily CSI
Kundt spacetimes of Weyl type II or more special.
Proof. Thanks to lemma 4, T-III spacetimes are CSI.
ℓ is geodetic: The traceless Ricci tensors Sab is of type III (i.e., Sab = ψ
′
iℓ(am
(i)
b) + ω
′ℓaℓb) and b.w. +2 component
of rank-2 tensor ∇aScd∇bScd reads
∇aScd∇bScdℓaℓb = 4(κiψ′i)(κjψ′j) + 2κiκiψ′iψ′i . (A2)
For T-III spacetimes, this b.w. +2 component has to vanish, which implies κi = 0 and thus ℓ is geodetic.
ℓ is a Kundt vector field: For Sab of type III, the b.w. 0 components of Eab = ∇aScd∇bScd have to satisfy
Eabm
a
(i)m
b
(j) = δijEabℓ
anb, (A3)
implying
ψ′kψ
′
kρliρlj + 2ψ
′
kψ
′
lρkiρlj = 0. (A4)
Contraction of i and j gives a sum of squares and therefore ρij = 0 and the spacetime is Kundt.
T-III spacetimes are of Weyl type II or more special: To prove this, one can use the same arguments as in the proof
of proposition 2.
Note that, to prove that T-III spacetimes are Kundt and algebraically special, it is sufficient to assume T-III1.
Finally, for Kundt spacetimes of Weyl type III and traceless Ricci type III, all covariant derivatives of the Riemann
tensor ∇(k)R are of aligned type III (proposition A.8 of [14]) and thus
Proposition 16 (Sufficient conditions for T-III spacetimes). Weyl type N and III Kundt spacetimes with the Ricci
tensor of the form (A1) are T-III.
1. T-III spacetimes in four and five dimensions
First, let us study necessary conditions for algebraically special T-III spacetimes. In the four dimensional NP
notation, the Weyl and Ricci tensors admit Ψ2, Ψ3, Ψ4 and Φ12 = Φ¯21, Φ22 components, respectively.
Similarly as for TN spacetimes, for T-III0, Ψ2 is constant. Bianchi equations (7.32a), (7.32b), (7.32e) and (7.32h)
from [15] then give again
κ = σ = ρ = τ = 0 , (A5)
respectively and thus we can immediately generalized lemma 3 to T-III spacetimes
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Lemma 5. In four dimensions, genuine Weyl type II and D T-III0 spacetimes are recurrent Kundt spacetimes.
The same arguments that have led to proposition 8 then imply
Proposition 17 (Non-existence of 5D T-III Weyl type II spacetimes). In five dimensions, genuine Weyl type II and
D T-III0 spacetimes do not exist.
Appendix B: Kerr–Schild transformations of Einstein Kundt metrics
A Kerr–Schild transformation of a metric g¯ab is a transformation with the transformed metric gab being of the form
gab = g¯ab + 2Hℓaℓb, gab = (g¯−1)ab − 2Hℓaℓb, (B1)
where H is an arbitrary function and ℓ is a null vector.
Let us assume that the transformed metric gab is Kundt with ℓ corresponding to the congruence of non-expanding,
non-shearing and non-twisting affinelly parametrized null geodesics. Since
κi = κ¯i, L10 = L¯10, ρij = ρ¯ij , (B2)
the vector ℓ has the same above mentioned geometrical properties in the background metric g¯ab and thus the back-
ground spacetime is necessarily Kundt as well.
Without loss of generality, we can always set the frame such that L1i = τi. The frame components of the Ricci
tensor then read
ω = ω¯ = 0, ψi = ψ¯i, φ = φ¯+D
2H, φij = φ¯ij , (B3)
ψ′i = ψ¯
′
i + δiDH +Hψ¯i, (B4)
ω′ = ω¯′ − Ξii − 2H
n− 1
(
(n− 3)φ¯− φ¯ii
)
(B5)
and the independent components of the Weyl tensor are given by
Ωij = Ω¯ij = 0, Ψijk = Ψ¯ijk =
2ψ¯l
n− 2δi[jδk]l, Φ
A
ij = Φ¯
A
ij , (B6)
Φijkl = Φ¯ijkl + 4
D2H
(n− 1)(n− 2)δi[kδl]j , (B7)
Ψ′ijk = Ψ¯
′
ijk + 2
ψ′l − ψ¯′l
n− 2 δi[jδk]l, (B8)
Ω′ij = Ω¯
′
ij −
(
Ξij − 1
n− 2Ξkkδij
)
, (B9)
where
Ξij = δ(iδj)H+ ρ′(ij)DH + 2τ(iδj)H+Mk(ij)δkH+ 2H
(
τiτj + Φ¯(ij) +
φ¯ij
n− 2
)
. (B10)
Note that D = D¯, δi = δ¯i, and since the spacetime is Kundt,
τi = τ¯i, ρ
′
ij = ρ¯
′
ij , M
i
jk = M¯
i
jk. (B11)
Furthermore, for Einstein background spacetimes, i.e.
R¯ab = λg¯ab, (B12)
Sab is of type III iff D
2H = 0 and then the Ricci tensor of the full metric gab reads
Rab = λgab + 2δiDH ℓ(am(i)b) + ξℓaℓb, (B13)
where
ξ = −∇ˆ2H− 2τiδiH− 2H
(
τiτi + Φ¯ +
n− 2
n− 1λ
)
, ∇ˆ2 = hab∇a∇b, hab = gab − 2ℓ(anb). (B14)
Obviously, if in addition δiDH = 0, Sab is of type N. Possible combinations of the Weyl and trace-free Ricci types of
transformed metrics and background Einstein metrics are summarized in Table I. Note that the most general Weyl
type of Einstein Kundt spacetimes is type II.
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types of gab
Weyl type of g¯ab conditions Weyl TF Ricci
II — II III, N
III Ψ¯′ijk +
2
n−2
δi[jδk]DH 6= 0 III III, N
III Ψ¯′ijk +
2
n−2
δi[jδk]DH = 0 N III
N — III III
N — N N
TABLE I. Possible combinations of the Weyl and trace-free Ricci types of the Kerr–Schild transformed metric gab with D
2H = 0
depending on the Weyl type of the background Einstein metric g¯ab.
Appendix C: Variation of the FKWC basis up to order 6
To show what other terms than 2nSab may appear in field equations for generic TN spacetimes, we provide a list
of variations 1√−g
δ(
√−gIk)
δgab
of FKWC basis elements [11] for Weyl type III TN spacetimes.
Any scalar curvature polynomial of order 6 (in derivatives of the metric) can be expressed in terms of 22 FKWC
basis elements [11]. However, since variations of 7 of these are related to variations of the rest of the scalars via total
divergence, only 15 of these 22 basis elements possess a nontrivial independent metric variation [33, 34]. Therefore, a
general gravitational Lagrangian L of order 6 can be expanded in those 15 curvature invariants.
For CSI (and thus in particular for TN) spacetimes, variation of only 13 of these is non-vanishing and 4 of the
remaining 13 scalars (R2, R3, RRabR
ab and RRabcdR
abcd) are functions of invariants of lower orders (R, RabR
ab and
RabcdR
abcd) and hence their variation can be easily computed employing variations of their lower order counter-terms.
Thus, given any gravitational Lagrangian of order 6, to compute the form of the field equations for TN spacetimes,
metric variation of only 9 from the total of 22 FKWC invariants is needed. Moreover, if the TN metric is of Weyl
type III, the form of these variations reduces dramatically:
R : −d− 2
d
Rgab + Sab, (C1)
RabR
ab : −d− 4
2d2
R2gab +
2(d− 2)
d(d− 1)RSab +Sab, (C2)
RabcdR
abcd : − d− 4
d2(d− 1)R
2gab − 4(d− 2)
d(d− 1)RSab + 4Sab + 2C
cde
a Cbcde , (C3)
RabR
ab : − 2R
d(d− 1)Sab +
2Sab, (C4)
RpqR
p
rR
qr : −d− 6
2d3
R3gab +
3(d− 3)
d2(d− 1)R
2Sab +
3R
d
Sab, (C5)
RpqRrsR
prqs : −d− 6
2d3
R3gab +
3d2 − 10d+ 9
d2(d− 1)2 R
2Sab − 3− 2d
d(d− 1)RSab, (C6)
RpqR
p
rstR
qrst : − d− 6
d3(d− 1)R
3gab − 2(2d
2 − 7d+ 9)
d2(d− 1)2 R
2Sab − 4R
d− 1Sab +
2R
d
C cdea Cbcde
+ Ccdef∇d∇(aCb)cef + C(a|cde|C cdeb) +∇(aCcfde∇|f |Cb)cde +∇fCbcde∇fC cdea , (C7)
RpqrsR
pqabRrsab : −
2(d− 6)
d3(d− 1)2R
3gab +
36R2
d2(d− 1)2Sab −
24R2
d(d − 1)2Sab +
24R
d(d− 1)Sab
+
6(d+ 2)
d(d− 1)RC
cde
a Cbcde + 6∇cCbfde∇fC cdea , (C8)
RprqsR
p q
a bR
rasb : − (d− 6)(d− 2)
2d3(d− 1)2 R
3gab + 9
d− 2
d2(d− 1)2R
2Sab − 3R
d(d− 1)Sab
− 3(d+ 2)
2d(d− 1)RC
cde
a Cbcde − 3∇eCbdcf∇fC cdea + 3Ccdef∇f∇dCacbe . (C9)
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Appendix D: Examples of type III TNS spacetimes and corresponding vacuum solutions to quadratic gravity
In this section, we employ proposition 13 to construct Weyl type III TNS spacetimes using the Kerr–Schild trans-
formation (29) and we find new vacuum solutions to quadratic gravity.
1. Ricci flat examples
For simplicity, as a background metric we consider recurrent (τ¯i = 0 implies τi = 0, see Appendix B) Ricci–flat
Weyl type III universal spacetimes. Such spacetimes belong to VSI class and admit a metric of the form (30) with
metric functions [35]
H = H(0)(u, x) +
1
2
(F −Wm,m)r, W2 = 0, Wm =Wm(u, x), gαβ(u, x) = δαβ (D1)
that satisfy the Ricci-flat condition
∆H(0) − 14WmnWmn − 2H(1),mWm −H(1)Wm,m −Wm,mu = 0 (D2)
and F = F (u, xi) is subject to
F,2 = 0, F,m = ∆Wm, (D3)
where Wmn =Wm,n −Wn,m and ∆ ≡ ∂i∂i is the spacial Laplacian. The natural null frame of VSI metrics
ℓ¯adx
a = du, n¯adx
a = dr +Hdu+Wαdx
α, m¯(α)a dx
a = dxα, (D4)
is parallelly propagated in the recurrent case and indeed τ¯i = L¯1i = 0. For geodetic ℓ and Df = 0 (i.e., ∂rf = 0), the
action of the operator D introduced in (33) on f reduces to
Df = ∆f. (D5)
The rank-2 tensor F2 vanishes identically for the background metric since τ¯i = 0 and it remains to satisfy F0 = 0,
i.e.,
Ψ¯′ijkΨ¯
′
ijk = 2Ψ¯
′
iΨ¯
′
i, (D6)
where Ψ¯′i = −H(1),i and Ψ¯′ijk = 12Wkj,i. Note that the trivial solution with both sides of (D6) vanishing corresponds
to Weyl type N.
In four dimensions, F0 vanishes identically and thus in this case, all Kundt metrics obeying (D1) and (D3) are
TNS (c.f. proposition 5). In particular, note that the Einstein equation (D2) is not a necessary condition for TNS.
However, it is useful to start with a background Einstein spacetime and express H(0) as H(0) = H
(0)
E +H, where H(0)E
corresponds to a background Einstein solution of (D2) and H represents the Kerr–Schild transformation. Then the
field equation of quadratic gravity (42) reduces to(
∆+ 1
κβ
)
∆H = 0. (D7)
Clearly, the Kerr–Schild transformations with ∆H = 0 takes the metric from an Einstein spacetime to an Einstein
spacetime (c.f. eq. (D2)). The non-Einstein vacuum solutions to quadratic gravity are obtained by solving(
∆+ 1
κβ
)
H = 0. (D8)
An example of such a solution is
H =
(
c1(u)e
√
k1x + c2(u)e
−√k1x
)(
c3(u)e
√
k2y + c4(u)e
−√k2y
)
, k1 + k2 +
1
κβ
= 0. (D9)
To conclude, by adding a solution of (D8), H, to any solution of (D2), H(0)E , we obtain a vacuum solution to quadratic
gravity, H(0) = H
(0)
E +H.
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In contrast with the four-dimensional case, in higher dimensions the equation (D6) is non-trivial. An explicit
solution of (D3) and (D6) is, for instance,
W3 = (α(u) sin x3 + β(u) cosx3)e
x4 , W4 = (γ(u) sinx3 + δ(u) cosx3)e
x4 , F = F (u), (D10)
where α, β, γ, δ, F are arbitrary functions of u and all other Wm vanish. If moreover δ = −α and γ = β, then the
Ricci-flat condition (D2) simplifies to the Laplace equation ∆H(0) = 0 for H(0).
The metric (30), satisfying (D1), (D3) and (D10) is thus TNS in any dimension. To find a solution to quadratic
gravity one can proceed similarly as in four dimensions.
2. Examples with a non-vanishing Ricci scalar
So far we have studied cases with vanishing Ricci scalar. In this section, using propositions 9 and 13, we construct
examples of Weyl type III TNS metrics with negative Ricci scalar. As a background metric gUK we use a warp
product of any of the above-mentioned Ricci-flat VSI metrics satisfying F0 = 0 and one extra flat dimension (20).
The Ricci scalar of gUK is R¯ = d(d− 1)λ. The d’Alembert operators of the warped and seed metric are related by
2¯f = −λz2(2˜f + ∂z∂zf) + (d− 2)λz∂zf. (D11)
Choosing a parallelly propagated frame
ℓ¯adx
a = du, n¯adx
a = 1−λz2
(
dr +
(
H − r22z2
)
du+Widx
i − r
z
dz
)
,
m¯(i)a dx
a = 1√−λz2 dx
i, m¯(z)a dx
a = 1√−λz2
(
dz + r
z
du
)
, (D12)
a straightforward calculation shows that τ¯iτ¯i = −λ, L¯1i = τ¯i and τ¯iδ¯i = −λ(z∇¯z + r∇¯r). Hence, the Kerr–Schild
transformation (29) with ℓadx
a = du and gUK being a warp product (20) of a universal Weyl type III VSI metric
(30), thus obeying (D1)–(D3), and (D6), is a Weyl type III TNS metric with R = d(d − 1)λ. For f , ∂rf = 0, the
operator D defined in (33) reduces to
Df = −λz2∆f + (d− 6)λz∂zf + 2(d− 3)λf, (D13)
where ∆ = ∆˜ + ∂z∂z.
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